
↳MultipleSyste
O

We can encode information in large single
systems
↳ But its often more convenient to

consider collections of small systems.

Again he start from classical systems
classical state

↓ ↓
sets

aclassicalinformationnewith a 4th r
↓

we can conside the single system (X
, 41

what are its classicalstates ?
->



#we : Classical state set of (X
,
1) ②

is the Cartesian product of Ever

2 2 + r = &(a , b) : a c24ber)
T

If re

say ( , 1) is in (a
,
b) EE + ~v

mean X is in a B Y is in b.

u nM

For more than two systems we can

generalize straightforwardly-
Given X

, ....
Xe with E

, ,
.

...
En the classical

State set of (X,...,
Xu) is

& X ... En = E(a, . . . , am)/a ,
ef

,
... and 3



Stingpercenta
of states ⑤

↳ it is often convenient to denote the joint
state Ja

, , ..., an) via a
, an--an

-Example:bits (of couse

& consider X
, ...., Xo

with

!
[ =... = E = 20 ,

13

states of
U joint system EE+So = 20 ,

13
u

[ lengthcosting
usinga

0000000000
000 00 00 01

0000000010
20 states

· S
11111111



In general ofm have an alphabet
Ea , , .., and then 29 .....

andm

has "states.
↳ make sure

you under
anda

ProbabilisticStates

↳bistakotjotsea
Example: Y are bits

↓

(d
= w = 20

, 13

Pr((X, 4) = 00) = 12
Note XaY

Pr((X
,
4) = 01) = 0 are "correlated"

Pr ((, 4) = 10) = 0 S ↳ they always
Pr (X , 1) = 11) = 12 agree



Edering
lesion products ⑤

↳ Just as in single systems re

represent probabilistic states as

rectors with an entry
for each element

ofth state set.

2
. But we have to impose an

order !

ForCartesian products
these

6 E
,

+E =

119!
3Ens 201 Si
↳

this is called

"alphabetical ordering"



So
,

let's consider th system ( .. Xu) &

with 2= Ec = 20
, 12

↳state of system is apila

↳
v=

NBs->we will work with bitstrings a
lot.

& check
you

know 20 ,
13 !

2



Endapedanceof tho systems G

↳
we
say
that the systems within a state

of two systems an independent if learning
somethingabout

the one yields no informatia

↳ lets be precisee.

↳ Given XBY with E&M we

I say
X & Y are ineendent if I

Pr((X , 4) = ab) = [Pr(x =a)] + [p- (4 =31]
for all ab e BrM . I

2



We can rephrase this in terms of ⑳

probability rectors.

↳ Assume (X
,
4) is in

the state ly with

(v) =Ser Pablab)

X &Y are independent if 5

10) = &gala) of 14) = & ro1b]
aEE

~takeofof
such that

pab =

gars

2



Examples ⑨

· (X , 4) with G = + = 20 , 13

↳ (v) = ((00) + (101 + y(10) + (11)

↳
X & Y are independent because

(9) = (107 + 34(1) ·(4) = (10) + -(1)

satisfies te condition !

· But for1V7= G1007 + 1111) & systems
an not independent !

= Suppose theyherindependeaor v=

Lotherwise poi to

↳ but then either
poo or pu

= c

↳ but this is not the case !



We have defined Independent systems
&
Now,

,

a correlated

which isFindepen
i

any sys e

Inorpodetsof
o ne significantly.

↓fu :
dien 107 : &Cala) & H:BolaEE

the tensor product is

167@H) : [x .
Bylab)

.

a
,
beExm

Equivalently , It = 10701) is defined

via
<abInt] = <ald > < b14)

Va = E
,
ber .



Wenowhav an easy
definitioofa

↳ (X
, 2) is an independent system

if the jointrector 11T] es a
tensor

product of prob rectors for x2 Y,

[ 12 if Int) = 1970 14)

W

↓

we call It]aTeroduct state
"

Nation often use 107147 for (d) 1)
-

bessentially always
->



We also use alphabetical ordering
⑫

for tensor products of column rectors

↓, B
,

( c
.

"Bie

iI I↓mB ,

inm

& re note that

1970 1b) = lab)
- L

standard basis vectors
!

Im
sometimes write (a)0 (3) = (a

,
b)

-

>



Propheticsof the tensor product ⑬

The lensor product is
bilinear
use

O linearity in first argument
↳
(19 ,

7 + 1970147 = 1971+7 + 187(4)

(x(7)0(4) = a(q)(4)

⑧ linewily in
second agument

1970 (14) + 142)) = 10714.
7 + 1971+2)

100(x(+)) = < 10714)

NB (210)(@H) = 1970 (2 In) =<1071)



Independentsorproductsoitems ⑭

We can generalize straightforwardly
Given X

.
... In B &

...
En the

joint state 14) is a product stak
if

(4) =1 % ) 0 010n)

u
defined via

La , ...am 147 = (a
,

1% )
.. Canln)

(I
or

recursively via
100 (d)

= ((d) = - (an-1))0(qn)

now its multilinear
B 19

.) o Olan) = la ,
...an) = la , . ..., any



Measurementsof probabilisticstates ⑬

↳ if me view a joint system as a single system
then measurement is

essy-e
re alreadyknow how

2
Example (X

,
4) in state

2 143 : [ (00 + <(11)

!
mat

come)utility
80 i10

1/

Once we see an outcome we are in

the corresponding
basis state.



timeasurementa
ingnow

her !

⑯

Erecchoosmasly a
I

he will get an
outcome for each

measured

of
remaininsystemor knowledga ed !

Splacase: Two systems & I measur only one

↳ X 84 with Ext

"
measur X

2



of course the probability to se a th i

must be the same as if we had

measured both systems
2
Pr(x = a) = S Pr((X,

Y) = (a ,b)

-
Makes intuitive sense

2 Probabilities reflect or belief about

some definite state of th system.

2



Now, we have to updat our description of

"

gien thatkindsa-
conditional

probability
In terms of probability

rectors...

F
14)
=SegurPablab >

Pr(X =c) =E Pla

2. reduced stak of X is
It =C (GPalas



ifre obtain outcome a EG whenwe
measure X

,
then probabilistic state of

Y is updated via

lita)

=Pas (x = d

So
,

ifre measure X c see ad the

updated joint state of the system is

14) = (a) Olita] !
We can think of this factor

as a "normalization" constant which

accounts for h knowledge regained
learning

about X.

↳ useful for calculations



Example : X with 2 = 30
, 13 ⑳

Y with M = 3 1
,

2
, 33

[
assur 147 = (101 + /(03) +y(17 + y (127 +1113)

-
letsworkthrough

what happent a

↓ Nol that we can use bilinearity
to will

14) = 100([(1) +y(s)) + (1)0((2(7 +y2) +y(37)
! can always do this !

Now analysis is easy
:

3



If
we see X = 0 ⑪

↳ stab oty=Pr(x =1)

Ifr see X =

Estab of
y
=+

+1

T

~
operations onpolisticstates

ofjotsysets
↳
again,viewing assinglese

a

↳
operations an reprsented by stochastic
matrices (with rows a columns indexed byExr)

↳ example



Example :X & Y an bits ⑫

G if x = 1
"controlled

↳ perform NOT on Y
not "

else J -> X is control
bit↳ do nothing -> Yis target

00 0 10 Il

CNOT =

O

Excontrol 08
.

Ytayet) (
I 00

( ↓
0 o O I

00 I O I(

-100) 1 loo

1017 + 107)
1101-11113

11171)/107

= 100Kool + 10(011 + 1113(10) + 10/11/
row column

-> if Y
is control X is target

CNOT = 000
(X target or 10

Y control) S
I w

g
II

o I 00

↳ check
you

understand this !



Example ⑬

performon followingoptis

· Set Y to be equal to X

· set X to be equal lo Y
500 10I 00 o 101

1 0

0 0 0 0 -· (11 ( I oOG O O 000 o 000
ot 00 1 1

u u
-

100) #> look 1007 h look

↓ 1017 + 1007 110) -> 1007

101 - 1117
1107 - 111)

write this in 11 1) - 1117
11 . 3 - 1117

bra-ket notation Set y = X Set X = Y



Independentoperations ⑭

↳What if react on X with M

on Y with N
-

stochastic matrices( representingIpeation
What is1h stochastic matrix for1h

joint operation ??
↳

he needor product
for matrices !

2



Mixtensor product ⑮

M =E Gab(a

N = E Bad(>d)
der

MON = [E LasBidlac7(bdl
abeEder

or equivalently
Lac/MON1bd) = CalMIS)<NId)

column
row

for all aJES BadE W .

or equivalently ,
the unique

mutrix satisfying
MON (10OH) = (M10T)o(1)

for all 192 & 14).



We also have this convention for matrices ⑯

(

·&
: :I(Print
(b)

... (inB)-

: ! S(6m . B) ... (mmB)



We define bensor products of multiple
matrices analagously-
GM

,
o omm

↓
St

... /M ,
eMulb

.
-- but

= (a)M . /b . ) . - - <am/Mulbn

Fab, &, ... am
,
but Em

We can also do it recursively
!

Finally ,
tensor product is multiplicative

(M .

O 0M) (N,O ON
= (M ,

N
, joo(MnN)

V MiBN : (for which dimensions match)



Independentopenlis continued ⑳

if M acts on
X & Nacts on

Y

↳ jant operation is MON on ( , 7)

A for states & operations
tensor products represent
independence !

-> if XBY are independently in 107814)

↳ jant stat = 1070H)

-> if react independently
on Xb4

↳ joint operation is a tensor product
MON



Example
⑭

↳ consider J: ) = M

↳
los ne 10

11) + E107 + Eliz

ifre apply M to X & NOT to Y

I ok↳
(o() = i no( p o o tI

-astic !
Note

,
ifre only actor X ,

that means

acting on t with the dutity

(02)0(59) = (poit)


